Abstract-The objective of this study is to establish a mathematical characterization of the mitral valve annulus that allows a precise qualitative and quantitative assessment of annular dynamics in the beating heart. We define annular geometry through 16 miniature markers sewn onto the annuli of 55 sheep. Using biplane videofluoroscopy, we record marker coordinates in vivo. By approximating these 16 marker coordinates through piecewise cubic splines, we generate a smooth mathematical representation of the 55 mitral annuli. We time-align these 55 annulus representations with respect to characteristic hemodynamic time points to generate an averaged baseline annulus representation. To characterize annular physiology, we extract classical clinical metrics of annular form and function throughout the cardiac cycle. To characterize annular dynamics, we calculate displacements, strains, and curvature from the discrete mathematical representations. To illustrate potential future applications of this approach, we create rapid prototypes of the averaged mitral annulus at characteristic hemodynamic time points. In summary, this study introduces a novel mathematical model that allows us to identify temporal, regional, and inter-subject variations of clinical and mechanical metrics that characterize mitral annular form and function. Ultimately, this model can serve as a valuable tool to optimize both surgical and interventional approaches that aim at restoring mitral valve competence.
INTRODUCTION
Mitral regurgitation is a common form of valvular heart disease affecting more than 2.5 million people in the United States, a number that is expected to double by 2030 as the population ages and grows. 15 Annually, more than 300,000 people worldwide, 44,000 in the United States alone, undergo open heart surgery for mitral valve treatment. 2 Mitral annuloplasty is the most common surgical procedure to repair a leaking valve. 40 The rationale behind mitral annuloplasty is to optimize annular dimensions and shape. However, despite intense research within the past decades, the classification of different repair techniques and devices remains largely qualitative. To optimize treatment strategies for mitral regurgitation, it is crucial to thoroughly understand normal mitral annular dynamics, in particular, to identify extreme values of strain and curvature, and the locations at which they occur. The objective of this study is to establish a mathematical characterization of the mitral valve annulus that allows a precise qualitative and quantitative assessment of annular dynamics in the beating heart. We hypothesize that clinical and mechanical metrics of annular form and function display significant temporal, regional, and inter-subject variations. We will test this hypothesis by adopting a hybrid experimental/computational approach combining an ovine model of normal healthy hearts, an imaging technique based on videofluoroscopic markers and a computational reconstruction of the mitral annulus using the field theories of continuum mechanics.
The mitral annulus is defined as the transitional region between the atrial myocardium and the mitral valve leaflet tissue. It is subdivided into lateral and septal portions that are separated by the trigones. 41, 49 While the lateral annulus is considered muscular and flexible, its counterpart is known to be fibrous and rather stiff. The shape of the mitral annulus has been described as the border of a hyperbolic paraboloid with an elliptical two-dimensional (2D) projection. Due to its resemblance with a saddle, the mitral annulus has also been called saddle shaped. 23, 37, 38 Its highpoints are close to the mid-septal and mid-lateral sections (SEP and LAT, respectively, Fig. 1) ; its low points at the antero-lateral and the postero-medial commissures (AC and PC, respectively, Fig. 1 ). In a series of experimental and computational studies, this particular shape has been associated with an optimal stress distribution over the mitral valve leaflet. 22, 42, 45 Numerous studies proved the mitral annulus to undergo complex three-dimensional (3D) deformation throughout the cardiac cycle with characteristic changes in its geometric parameters including saddle height (SH), septal-lateral diameter, commissure-commissure diameter, and mitral annular area (MAA). 18, 48, 51 Shape, size, and dynamics of the mitral annulus are closely related to mitral valve function; deviations from the normal have been associated with mitral valve insufficiency. Typical examples of pathologies that affect mitral annular shape and kinematics are ischemic and dilated cardiomyopathy. 33 During the past decades, surgical repair techniques and medical devices have been developed that share the ultimate goal of restoring mitral valve function without valve replacement. 7, 8 Ideally, such surgical interventions reconstruct the native mitral valve apparatus while maintaining its dynamic character. 27 In order to do so, however, a comprehensive baseline database must be established that, among other parameters, reports on normal mitral annular dynamics. Earlier studies have reported on the dynamic changes of the mitral annulus in humans as well as in animals using echocardiography, 1, 26 sonocrystal tracking, 20 and biplane videofluoroscopy. 39 Unfortunately, most of these studies are based on a small numbers of study subjects and have a low temporal or spatial resolution. Moreover, most existing studies focus exclusively on the clinical characterization of the mitral annulus neglecting the mechanical characterization necessary to fully comprehend mitral annular dynamics. The goal of this study is therefore to use our well-documented method of tracking implanted miniature markers over the cardiac cycle in the beating heart 5, 6, 11 to identify temporal, regional, and inter-subject variations of clinical and mechanical metrics to characterize mitral annular form and function in the normal beating heart.
To compute relevant characteristic measures from discrete data points, it is critical to create a smooth mathematical representation of the original anatomic structure. Several methods have been suggested in the past for the computational reconstruction of the mitral annulus from discrete data points. Linear interpolation has been widely used among clinical researchers to characterize the mitral annulus in humans and in animal models. 18, 20, 21, 48 More sophisticated approaches use one-dimensional (1D) interpolating Hermitian finite elements 13 or Fourier series to approximate the mitral annulus from echo data. 36 An alternative method to reconstruct space curves that provides a variety of practical advantages is spline fitting. Splines are piecewise polynomial functions that are continuous to a desired degree and allow for an efficient computational implementation. 12 In what follows we illustrate the design of a mathematical model of the mitral annulus based on piecewise cubic splines. This mathematical representation lends itself naturally into a precise quantification of displacement, strain, and curvature fields to characterize not only the clinical but also the mechanical features of the mitral annulus. Our representation is based on 55 high-resolution data sets acquired directly in the beating heart. From these, we create a comprehensive baseline characterization of mitral annular form and function, and discuss its clinical significance in view of optimizing surgical techniques and medical device design for mitral valve repair.
MATERIALS AND METHODS

Animal Experiments
All animals received humane care in compliance with the Principles of Laboratory Animals Care formulated by the National Academy of Sciences and published by the National Institutes of Health. This study was approved by the Stanford Medical Center Laboratory Research Animals Review Committee and conducted according to Stanford University policy. Prior to data acquisition, we pre-medicated 55 adult, male Dorsett-hybrid sheep (49 ± 5 kg) intramuscularly with ketamine (27 mg/kg IM) for placement of a single peripheral intravenous line, anesthetized them with sodium thiopental (6.8 mg/kg IV), intubated them, and ventilated them mechanically with inhalational isoflurane (1.5-2.2%). For bradycardia and to control secretions, we gave glycopyrrolate (0.1 mg/kg IV) as needed.
Following a left thoractomy and under cardiopulmonary bypass and cardioplegic arrest, we surgically implanted 16 miniature radiopaque tantulum markers onto the mitral annulus. We placed markers at the two trigones, at the mid-septal annulus, at both commissures, and at the center of the lateral mitral annulus. To subdivide the annulus in approximately equidistant segments, we placed additional markers as illustrated in Fig. 1 . Before weaning the animals off cardiopulmonary bypass, we closed the left atrium. For biplane videofluoroscopic imaging, we transferred the animals to the experimental catheterization laboratory 1-2 h after weaning them off of cardiopulmonary bypass. After acquiring the data set for a separate study, acute ischemia with 90s of LCx occlusion, 3 we recorded 3D marker coordinates in the beating heart at a sampling frequency of 60 Hz under open chest conditions in the right lateral decubitus position. In order to prevent ventricular fibrillation, we administered a loading dose of lidocaine (1 mg/kg IV) followed by a lidocaine infusion (1 mg/min) along with bretylium (75 mg IV) and magnesium (3 g IV). Using catheter micromanometer pressure transducers, we simultaneously recorded atrial, ventricular, and aortic pressures. Using a semi-automated image processing and digitization software developed in our laboratory, 39 we obtained four-dimensional (4D) coordinates v n (t) of the n = 1,…,16 implanted markers offline from the acquired biplane images.
Spatial Approximation of the Annulus
To create a functional representation of the annulus in terms of the acquired marker coordinates v n (t), we generated 16 piecewise cubic Hermitian splines c n (s, t) parameterized in terms of the arc length at each discrete time point t.
Herein, b i,3 are the Bernstein polynomials of degree three,
and b i (t) are the corresponding Bernstein coefficients.
The Bernstein coefficients are expressed in terms of the marker positions x 0 , x 1 and slopes m 0 , m 1 at the beginning and end point of each spline segment, respectively. For each discrete time point t, we determined these coefficients b i (t) by solving the following discrete minimization problem.
The first term ||v n 2 c n (s, t)|| ensures that the 16 generated splines c n (s, t) approximate the 16 marker positions v n in the best possible way, while the second term enforces smoothness of the overall annulus representation through the penalty parameter k. This procedure allowed us to generate a smooth piecewise cubic representation c n (s, t) of all 55 annuli at discrete time points t throughout the cardiac cycle.
Temporal Interpolation of the Annulus
To generate an average representation of the mitral valve annulus, 36 we mapped all 55 experimental data sets into four time intervals between End Diastole (ED), End IsoVolumic Contraction (EIVC), End Systole (ES), and End IsoVolumic Relaxation (EIVR). We then performed a linear temporal interpolation between the raw data points to create temporally aligned data sets of geometric and hemodynamic data over a cardiac cycle. Using these averaged geometric data, we applied the method described in ''Spatial Approximation of the Annulus'' section to obtain a mathematical model of the averaged mitral annulus throughout the cardiac cycle. To illustrate potential future applications of this model, we created rapid prototypes of the averaged mitral annulus representation at characteristic hemodynamic time points based on Eq. (1).
Clinical Characterization
To characterize annular physiology, we extracted classical clinical metrics of annular form and function from the averaged spline representation. In particular, we computed the Septal-Lateral (SL) and Commissure-Commissure (CC) distances after projecting the spline into a best-fit plane to prevent interdependence of these parameters. In this best-fit plane, we fitted an ellipse to the spline curve and calculated its eccentricity. In addition, we calculated the 3D annular perimeter as the line integral along the spline in terms of the arc-length parameters. We divided this perimeter into a septal and lateral section defined by the trigone marker coordinates (LT and RT, see Fig. 1 ). Furthermore, we computed the MAA from the same projected spline. As a measure for the non-planarity, we calculated the SH as the distance of the commissures to a plane through the mid-septal and mid-lateral sections of the annulus and equidistant to the anterior and posterior commissure. Finally, we calculated the annular velocity as the temporal derivative of the absolute displacement of the mitral annulus normal to the best-fit plane through the 16 marker coordinates (see Fig. 1 ).
Mechanical Characterization
To characterize annular dynamics, we calculated displacement, 24, 28 strain, 4,44 and curvature 19, 32 fields from the discrete annulus representations. Accordingly, we evaluated the first and second spatial derivatives of the spline curve (1) as:
in terms of the first derivatives of the Bernstein polynomials (3)
in terms of the second derivatives of the Bernstein polynomials (3).
For each discrete time point t, we determined the bestfit plane through the approximated 16 marker points x n . The unit normal to this plane defines the binormal vector, b(t), such that the local coordinate system at each point along the curve can be characterized through the triad [t, n, b] with
and
Herein, t is the unit tangent vector, n is the unit normal vector, and b is the unit binormal vector to the curve c at point s and time t, see Fig. 1 . The relative displacement of the annulus c(s, t) with respect to its reference position at minimum Left Ventricular Pressure (LVP min ) c s; t LVP min À Á can be used to derive global indices for ventricular function. It is characterized through the discrete distance vector u(s, t)
projected onto the binormal vector b(t)
for each point s along the curve at every discrete time point t. Next, we calculated the Green-Lagrange strain E(s, t) along the annulus in terms of the stretch k(s, t),
with the stretch k(s, t)
characterizing the change in length between the tangent vector of the reference configuration at LVP min , dcðs; t LVP min Þ=ds; and the current configuration at any other time point, dcðs; tÞ=ds: Finally, we calculated the curvature j(s, t),
along the annulus.
Statistical Analysis
We compared peak values for clinical metrics in diastole and systole using paired, two-tailed, twosample Student t test with an alpha level of 0.05. To ensure normality, we plotted histograms of the data.
RESULTS
Clinical Characterization
Hemodynamic data of all 55 animals are summarized in Table 1 . Figure 2 summarizes temporal and inter-subject variations of classical clinical metrics of mitral annular form and function. In the following, it is important to keep in mind that the minima and maxima in the graphs in Fig. 2 display ''peak average'' values, while the values reported in the text are the ''average peak'' values. Accordingly, minimum/maximum values of the temporal averages shown in the graphs may not be identical to the average minimum/ maximum values discussed in the text. The in-plane characteristics of the mitral annulus are best described in terms of the Septal-Lateral (SL) and CommissureCommissure (CC) distances. Their temporal averages are shown in Figs. 2a and 2b. Both distances clearly change during the cardiac cycle being largest during diastole and smallest during systole. The average maxima, i.e., the average of the maximum values for each animal, were 3.03 ± 0.24 and 3.85 ± 0.26 cm for SL and CC, respectively, while the average minima were 2.66 ± 0.23 and 3.64 ± 0.26 cm, giving rise to dynamic changes of SL of 212.06% and CC of 25.51%, both with respect to the diastolic state. Herein, the minus sign indicates a reduction from diastole to systole. The differences between the diastolic and systolic values for both SL and CC were statistically significant (p < 0.001 in both cases). The inequality of SL and CC is also reflected in the elliptic annular projection with eccentricity values larger than 0. Recall that perfect circles have an eccentricity of 0, while ellipses have eccentricity values between 0 and 1. The asymmetric reduction in SL and CC during systole causes the annulus to further deviate from a circular shape evident from the increase in eccentricity, Fig. 2c . The average minimum eccentricity during diastole was 0.61 ± 0.06, while the average maximum value during systole was 0.71 ± 0.04 a change throughout the cardiac cycle of +13.5%. Again, values in diastole and systole were significantly different (p < 0.001). Furthermore, the decreases in SL and CC were accompanied by changes in the septal and lateral perimeters shown in Figs. 2d and 2e , respectively. The septal portion increased in perimeter from diastole to systole with average minima and maxima, respectively, of 1.43 ± 0.21 and 1.52 ± 0.22 cm giving rise to a relative change of +6.0% (p < 0.05). In contrast to the septal perimeter, the lateral perimeter behaved similar to SL and CC with an average maximum of 9.85 ± 0.61 cm during diastole, an average minimum of 9.17 ± 0.65 cm during systole (significantly different with p < 0.001), and a relative change of 26.9%. Changes in the above parameters cause the MAA to decrease from diastole to systole, see Fig. 2f . In addition, MAA decreased from an average maximum of 9.47 ± 1.15 cm 2 to an average minimum of 8.09 ± 1.12 cm 2 with an average maximum change of +14.6% (p < 0.001).
The out-of-plane characteristics of the mitral annulus are typically described in terms of the SH, see Fig. 2g . This study shows that the SH changes dynamically throughout the cardiac cycle with an average minimum during diastole of 0.20 ± 0.15 cm, an average maximum during systole of 0.33 ± 0.15 cm and an average change of +65.0% (p < 0.001). Lastly, Fig. 2h displays the dynamic motion of the mitral annulus normal to the best fit plane through the 16 marker coordinates. During diastole the annulus moves in the basal direction with average maximum velocities of up to 5.08 ± 1.42 cm s 21 During systole the contracting heart causes the annulus to accelerate in the apical direction with average maximum negative velocities of up to 23.11 ± 1.18 cm s 21 (p < 0.001). Figure 3 displays the regional variation of averaged mitral annular kinematics at five characteristic time points throughout the cardiac cycle: minimum Left Ventricular Pressure (LVP min ), End Diastole (ED), End IsoVolumetric Contraction (EIVC), End Systole (ES), and End IsoVolumetric Relaxation (EIVR). The piecewise cubic spline approximated all experimentally acquired marker coordinates v n (t) extremely well with a maximum error at any time and any marker location of less than 0.07 cm. This value is on the order of the digitization error of 0.01 ± 0.03 cm of the marker technique. 4, 19, 32, 44 Moreover, we observed no local maxima in curvature close to the original marker locations indicating a good choice for the smoothing parameter k. Figure 3a illustrates the annular excursion of the mitral valve as a measure of left ventricular long-axis shortening, 25, 43 displayed in an anterior view. Clearly, the mitral annulus moves basally between LVP min and the beginning of systole. In addition, the mid-septal annulus moves in the lateral direction. With progressing systole, the annulus returns back towards the apex, while the ventricular long-axis is shortening. Figure 3b illustrates the normal strains of the annulus displayed in an atrial view. While strains toward ED display slightly positive values at the lateral portion, after the onset of systole strains are clearly compressive throughout the whole lateral perimeter with maximum values occurring toward the antero-lateral and postero-medial portions. In contrast, the septal portion displays negative strain values at ED and positive during systole meaning that the septal annulus is stretched rather than compressed as the lateral part. Figure 3c illustrates the annular curvature displayed in a 3D view. As apparent from the contour plots, the largest curvature values can be found at the transition region from the lateral to the septal annulus where the annulus curves into the mid-septal annulus. Points of minimum curvature appear to be at the central regions of both annular portions. Throughout the cardiac cycle, these patterns remain qualitatively identical. Figure 4 displays the temporal variation of the averaged mitral annular kinematics throughout the cardiac cycle. Throughout the 40-time-frame sequence, strain profiles display two distinct patterns. During diastole, the largest compressive strain the septal annulus experiences on average is 24.93 ± 2.06%, while the largest tensile strain experienced by the lateral annulus on average is 11.23 ± 4.92%. During systole, the largest tensile strain the septal annulus experiences on average is 6.27 ± 3.05%, while the largest compressive strain experienced by the lateral annulus on average is 214.83 ± 3.82%. Figure 5 displays the inter-subject variation of mitral annular strains calculated individually for all 55 annuli. LVP min was chosen as reference configuration and ES as current configuration. The majority of the annuli experience maximum tensile strains in the septal region and maximum compressive strains in the lateral region which is in agreement with the averaged strain representation in Fig. 3b .
Mechanical Characterization
Videos of the regional and temporal evolution of averaged displacement, strain, and curvature fields are available as electronic supplements.
DISCUSSION
We have established a mathematical model of the mitral valve annulus that allows a precise qualitative and quantitative assessment of annular dynamics in the beating heart. In contrast to previous studies, the mitral annulus was characterized throughout the entire cardiac cycle in terms of classical clinical metrics such as SL, CC, MAA, SH, and AV, and classical mechanical metrics such as displacement, strain, and curvature. Our baseline data set based on 55 annuli, traced videofluoroscopically at a high temporal and spatial resolution, allowed us to identify temporal, regional, and inter-subject variations of clinical and mechanical metrics to characterize mitral annular form and function.
Model Validation
Using the same imaging technique and the same animal model, Timek et al. 48 have previously applied line elements to reconstruct mitral annular geometry. They reported values closely resembling the findings here: MAA was 8.17 cm 2 at ED and 7.61 cm 2 at ES, slightly smaller than the 8.61 and 7.86 cm 2 that were derived from the smooth spline representation of the mitral annulus. Furthermore, they reported a total perimeter of 10.89 and 10.55 cm at ED and at ES, respectively, while the current study revealed 10.52 and 10.23 cm. In addition, SL and CC in Timek's study were 2.82 and 3.89 cm at ED, and 2.72 and 3.74 cm at ES. Similarly, in our study we found SL and CC to be 2.77 and 3.57 cm at ED, and 2.59 and 3.50 cm at ES. Differences are likely due to the smoothing character of the spline approximation that does not interpolate points but rather creates a best-fit curve, slightly reducing the perimeter, SL and CC, but increasing the enclosed area. Values for SH are similar to data reported by Gorman et al. 21 with 0.41 vs. 0.20 cm in our study at ED and 0.53 vs. 0.33 cm in our study at ES. Differences are likely due to the fact that different methods were used to compute SH.
Eckert et al. 13 previously reported strain and curvature in the ovine mitral annulus. Their peak strains in the septal and lateral regions are in excellent agreement with our findings both in systole and in diastole. However, their qualitative curvature plots display peak values at the mid-lateral portion and midseptal portion where our study shows small values. From the steep gradient of their curvature profile around these points and from the proximity of curvature peaks to the original marker locations, it seems that their discrete annulus representation displays artificial discontinuities at these locations. The resulting curvature data are not intuitive from an engineering point of view and might be incorrect.
Clinical Significance
All current mitral valve reconstructive surgery techniques aim at restoring the native shape and competence of the mitral valve in order to re-establish normal FIGURE 4. Temporal variation of averaged mitral annular kinematics throughout the cardiac cycle. The color code represents normal strains along the annulus between the current configuration and the reference configuration at minimum left ventricular pressure. Blue colors indicate compression, red colors indicate tension, and green color indicates no relative changes in length between the reference configuration and the current configuration. Strain profiles display two distinct patterns. During diastole, the entire annulus is virtually unstrained. During systole, the annulus experiences maximum tensile strains of 6.27 6 3.05% in the septal region and maximum compressive strains of 214.83 6 3.82% in the lateral region.
cardiac function. The current study provides a comprehensive baseline data set for mitral annular dynamics in sheep. The 3D visualization of mitral annular motion, strains, and curvature in Figs. 3, 4 , and 5 presents valuable information that will hopefully inspire further research in humans and thereby ultimately help the surgeon to characterize normal mitral annular form and function. In addition, novel reconstructive surgery techniques and medical device design might benefit from this high-resolution pool of information.
In contrast to most previously conducted investigations, our study not only provides a clinical characterization but also a mechanical characterization in terms of temporally and spatially varying kinematic fields. Strains were analyzed thoroughly along the perimeter over the entire range of motion. To identify potential risks of surgical techniques, it is important to keep in mind that large strain values indicate large relative changes in length. Such changes result from and cause large forces in the surrounding tissue both on the myocardial side and on the leaflet side. Suture lines placed close to highly strained mitral annular segments, for example, during anterior leaflet augmentation, 29 are therefore likely to experience large stresses. Increased stresses in the mitral valve leaflets maybe associated with a higher risk of suture rupture that has been discussed as a potential causes for mitral valve repair failure. 45 This danger may be most prevalent during the first weeks post-operation as some evidence has been found that leaflet tissue, after several weeks, may form scar tissue around the suture lines providing the necessary mechanical strength to the leaflet and thereby prevent rupture. 47 Accordingly, the strain maps in Figs. 3, 4 , and 5 may be useful to identify optimal suture locations to reduce repair failure. Furthermore, mitral annular segments such as the mid-portion of the lateral and septal annulus that show large absolute strain values are highly dynamic. Restriction of such dynamics, as seen upon annuloplasty ring implantation, 16 may disturb the natural force balance of the surrounding tissue and trigger a cascade of detrimental responses. Fixing the septal annulus during annuloplasty, for example, via the aorto-mitral junction may suppress the natural dynamics of the aortic root, 34 which has been shown to be crucial in minimizing shear stress on the aortic leaflets. 10 The strain maps along the perimeter of the mitral annulus as shown in Figs. 3 and 4 could therefore provide valuable guidelines to optimize repair techniques and device design.
At this point, it seems critical to draw attention to the large inter-subject variation of the strain patterns found among the 55 animals. Previous reports have either concentrated on reporting mean values to characterize the mechanics of the annulus or presented representative cases. The inter-subject variability illustrated in Fig. 5 may encourage the development of patient-specific devices and procedures to decrease the possibility of device and repair failures. 35 To the best of our knowledge, this study is the first to correctly characterize mitral annular curvature in the beating heart. Remarkably, despite the highly dynamic character of the mitral annulus, Fig. 3c confirms that the curvature profile remains virtually unchanged throughout the cardiac cycle. This suggests that the particular curvature pattern of each annulus is advantageous in view of valve competence. Again, for annuloplasty rings that aim at mimicking the shape of the native annulus, our data set may provide a rational basis for an optimized ring design.
Mathematical Annulus Model as Interface with Engineering Technologies
In the past decades, the finite element analysis has become an important technology of many scientific disciplines including cardiac surgery. 31, 50 However, numerical methods such as finite element analyses are highly sensitive to the choice of boundary conditions that, to a large extent, determine the results of the analysis and significantly impact the confidence in its outcome. Our mathematical model naturally characterizes both appropriate Dirichlet boundary conditions in terms of mitral annular shape and appropriate initial conditions in terms of mitral annular dynamics throughout the entire cardiac cycle. 30 Our data sets could be of particular interest to finite element modelers as the current trend in computational mitral valve analysis is moving toward developing more physiologically realistic models. 9, 14, 46, 52 With the tremendous development of rapid prototyping technologies, the process of creating prototypes has become cost effective and time inexpensive. The STL file format, which essentially approximates the surface of a solid with a finite number of discrete triangles, has become the interface of choice between computer-aided design and rapid prototyping. The proposed discrete spline representation c(s, t) of the mitral annulus given in Eq. (1) allows for a direct and straightforward extraction of STL files, as demonstrated in Fig. 6a . Our mathematical characterization of the mitral annulus therefore provides a direct interface between clinical data and state-of-the-art prototyping techniques. To demonstrate potential of our mathematical model, the averaged mitral annular geometry was used to manufacture subject-specific prototypes of a physiological annuloplasty ring at characteristic time points of the cardiac cycle. Photographs of these manufactured rings are illustrated in Fig. 6b .
Limitations
The mathematical model developed in the course of this study does not exactly represent the marker data collected during biplane videofluoroscopy. The underlying idea, however, is that the collected marker coordinates themselves contain an acquisition error, and that the anatomical structure represented through discrete data points is not curvature-discontinuous but rather smooth. We believe that a cubic spline approximation provides a better representation of the mitral annulus than discrete line elements or interpolations that force the representation to pass through discrete points which themselves might contain acquisition errors.
Second, it could generally be argued that marker implantation may impact annular motion and therefore affect mitral annular dynamics. Our implanted markers weighed 3.2 mg each and therefore had a cumulative weight of approximately 50 mg. During the relatively small acceleration of the mitral annulus, these small weights are not expected to produce significant additional inertial effects that could induce non-physiological dynamics.
Third, as a part of a different study, the 55 sheep underwent brief periods of less than 90s of acute ischemia before the marker coordinates were recorded. Together with the impact of the surgical procedure for marker placement, this may theoretically affect normal cardiac mechanics. For example, we observed that the sphincter motion of the annulus was delayed in comparison to earlier studies in our laboratory, 17 which could possibly be a result of the mentioned interventional procedures.
Finally, even though sheep have been recommended as large animal models for human cardiovascular disease and have been widely used in the past, their physiology and anatomy, after all, are different from human. Taken these differences and the fact that the sheep herein where studied after open heart surgery and under open chest conditions, the results presented herein must be used with caution and with the according limitations in mind when extrapolated to human hearts.
CONCLUSION
We have established a mathematical model of the mitral valve annulus that allows a precise qualitative and quantitative assessment of annular dynamics in the beating heart. Using this model, we have identified temporal, regional, and inter-subject variations of clinical and mechanical metrics to characterize mitral annular form and function. A quantitative mathematical model of mitral annular dynamics over the entire cardiac cycle has a plentitude of potential clinical implications some of which we have discussed in detail. It is our hope that this study will inspire similar studies in human subject employing non-invasive imaging techniques such as 3D echocardiography or MRI to eventually help identify regions of low strain as safe suture locations to reduce the risks of rupture and repair failure. To improve medical device design, our model can be used to create templates of subjectspecific annuloplasty rings. We believe that our mathematical model will be useful to researchers, physicians, and ultimately patients. We hope that it will not only contribute to develop a deepened understanding of mitral valve dynamics, but also to motivate further efforts that will improve the lives of patients suffering from mitral valve disease.
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